Let H be a k-partite k-graph with n vertices in each partition class, and let δ k−1 (H) denote the minimum co-degree of H. We characterize those H with δ k−1 (H) ≥ n/2 and with no perfect matching. As a consequence we give an affirmative answer to the following question of Rödl and Ruciński: If k is even or n ≡ 2 (mod 4), does δ k−1 (H) ≥ n/2 imply that H has a perfect matching? We also give an example indicating that it is not sufficient to impose this degree bound on only two types of (k − 1)-sets.
Introduction
A hypergraph H consists of a vertex set V (H) and an edge set E(H) whose members are subsets of V (H). Let H 1 and H 2 be two hypergraphs. If V (H 1 ) ⊆ V (H 2 ) and E(H 1 ) ⊆ E(H 2 ), then H 1 is called a subgraph of H 2 , denoted H 1 ⊆ H 2 . Let k be a positive integer and [k] := {1, . . . , k}. For a set S, let , and a k-uniform hypergraph is also called a k-graph. Given T ⊆ V (H), let H − T denote the subgraph of H with vertex set V (H) − T and edge set E(H − T ) = {e ∈ E(H) : e ⊆ V (H) − T }.
Let H be a k-graph and S ∈ V (H) l with l ∈ [k]. The neighborhood of S in H, denoted N H (S), is the set of all (k − l)-subsets U ⊆ V (H) such that S ∪ U ∈ E(H). The degree of S in H, denoted d H (S), is the size of N H (S). For l ∈ [k], the minimum l-degree of H, denoted δ l (H), is the minimum degree over all l-subsets of V (H). Note that δ k−1 (H) is known as the minimum co-degree of H.
Remark. We point out that the answer to the second part of Question 1.1 is negative. Let k, n be positive integers such that k is even or n ≡ 0 (mod 4). Let J := H 0 (n/2, n/2, . . . , n/2, n/2 + 1; k, n) with partition classes V 1 , . . . , V k and let D i ⊆ V i for i ∈ [k] such that |D i | = n/2 for i ∈ [k − 1], |D k | = n/2 + 1, and each edge of J has an even number of vertices in i∈[k] D i . Observe that all legal (k − 1)-subsets of V (J) intersecting V k have degree at least n/2, and those legal (k − 1) sets contained in V (J) − V k and intersecting ∪ i∈ [k] D i an even number of times have degree n/2 − 1. Moreover, J has no perfect matching since i∈ [k] |D i | = kn/2 − 1 ≡ 1 (mod 2) (as k is even or n ≡ 0 (mod 4)).
Our main result is the following, which implies an affirmative answer to the first part of Question 1.1. Theorem 1.2 Let k, n be integers with k ≥ 3 and n sufficiently large, and let H be a kpartite k-graph with n vertices in each partition class. Suppose δ k−1 (H) ≥ n/2 . Then H has no perfect matching if, and only if, (i) k is odd, n ≡ 2 (mod 4), and H ∼ = H 0 (k, n), or
(ii) n is odd and there exist d i ∈ {(n + 1)/2, (n − 1)/2} for i ∈ [k] such that
Our proof of Theorem 1.2 consists of two parts by considering whether or not H is "close" to H 0 (k, n), which is similar to arguments in [5, 9] . Given two hypergraphs H 1 , H 2 with V (H 1 ) = V (H 2 ), let c(H 1 , H 2 ) be the minimum of |E(H 1 )\E(H )| taken over all isomorphic copies H of H 2 with V (H ) = V (H 2 ). For a real number ε > 0, we say that H 2 is ε-close to H 1 if V (H 1 ) = V (H 2 ) and c(H 1 , H 2 ) is less than ε times the maximum possible number of edges on V (H 2 ) (which is, for example, εn k if H 2 is a k-partite k-graph with n vertices in each partition class).
In Section 2, we deal with the case when H is ε-close to H 0 (k, n) for some sufficiently small ε. In Section 3, we deal with the case when H is not ε-close to H 0 (k, n), using the absorbing method from [9] and a recent result of the authors [6] (see Lemma 3.1).
Hypergraphs close to H 0 (k, n)
In this section, we prove Theorem 1.2 for the case when H is ε-close to H 0 (k, n) for some sufficiently small ε. Since we will be dealing with H 0 (k, n), the following notation for "even" and "odd" degrees (with respect to a given set S) will be convenient. Let H be a hypergraph. For j ∈ {0, 1}, v ∈ V (H), and S ⊆ V (H), we define d j H,S (v) := |{e ∈ E(H) : v ∈ e and |e ∩ S| ≡ j (mod 2)}|.
Lemma 2.1 Let k ≥ 3 be a positive integer, and let α, ε > 0 be small such that α < 1/4 and √ ε < min{1/(100k 2 ), 1/(k(10k 2 ) k−1 )}. Then for any k-partite k-graph H with n > 100k 2 vertices in each partition class, the following holds:
Proof. Let H be a k-partite k-graph with n vertices in each partition class such that
So each vertex in N is contained in at least
for, otherwise,
The rest of our proof is organized as follows. We first find a matching M 1 in H that covers all vertices in N (see Claim 2) . We then find a matching M 2 in H − V (M 1 ) satisfying certain conditions (see Claim 3). Finally, we will show that there exists a perfect matching in H − V (M 1 ) − V (M 2 ). The last part is easy when k is even (see Claim 4), but needs more work when k is odd (see .
To find a matching in H that covers all vertices in N , we need to fix some notation first. For i ∈ [k], let B i ⊆ V i such that |B i | = n/2 and each edge in H 0 (k, n) has an even number of vertices in B :
and
Since |N | ≤ √ εkn and |B i | = n/2 , we have A i = ∅ and
Moreover, for each v ∈ V (H), the number of edges in H containing v and intersecting N − {v} is at most |N |n k−2 . We now show that, for v ∈ V (H),
Hence,
Thus, since n ≥ 100k 2 and α < 1/4,
We now begin our process of finding matchings M 1 and M 2 . First, we need to make |B | even. Claim 1. Either |B | is even (in which case let e 0 = ∅; so |B − e 0 | is even), or there exists an edge e 0 ∈ E(H) such that |B − e 0 | is even.
We may assume that |B | is odd and |B − e| is odd for every e ∈ E(H); as, otherwise, Claim 1 holds. Then |B ∩e| is even for all e ∈ E(H).
Let v i ∈ A i and u i ∈ B i for i ∈ [k], and let S := {v 1 , . . . , v k }. Then for i ∈ [k], since |B ∩ e| is even for all e ∈ E(H), we have
Again, since |B ∩ e| is even for all e ∈ E(H), we have
Note that for each v ∈ N − e 0 , the number of edges in H containing v and a vertex of e 0 is at most kn k−2 . Thus by (3), we have
where the last inequality holds since √ ε < 1/(100k 2 ) and n ≥ 100k 2 .
Claim 2. There exists a matching M 1 in H − e 0 such that
, and (4)) and n ≥ 100k 2 , there exists an edge e 1 in H−e 0 , such that v 1 ∈ e 1 and |e 1 ∩(B −e 0 )| ≡ 0 (mod 2). Now suppose we have found a matching {e 1 , . . . , e t } in H − e 0 for some
. . , e t } is the desired matching (as t < |N | ≤ √ εkn). So let v t+1 ∈ N − e 0 and v t+1 ∈ ∪ i∈[t] e i . Note that t < |N | ≤ √ εkn and that the number of edges in H − e 0 containing v t+1 and a vertex from ∪ i∈ [t] e i is at most
(v t+1 ) > n k−1 /10 (by (4)), there exists e t+1 in (H − e 0 ) − ∪ i∈ [t] e i such that v t+1 ∈ e t+1 and |e t+1 ∩ (B − e 0 )| ≡ 0 (mod 2).
Therefore, continuing this process (at most |N −e 0 | steps), we obtain the desired matching for Claim 2. 2
Note that |D| is even (by Claims 1 and 2). Since |M 1 | ≤ √ εkn, it follows from (1) and (2) that for i ∈ [k],
Claim 3. There exists a matching M 2 in H such that
Without loss of generality, we may assume that
gives the desired matching for Claim 3. So assume |D 1 | − |D k | > 0. We construct an auxiliary graph and use a perfect matching in this graph to find M 2 .
Let r ∈ {0, 1} such that |D 1 | + r is even. Let G be the complete k-partite 2-graph and let W 1 , ..., W k be the partition classes of G, such that
We now use Tutte's 1-factor theorem to show that G has a perfect matching. For
. Thus, by Tutte's 1-factor theorem, G has a perfect matching, say T .
Since
Corresponding to each f i we find an edge g i of H such that {g 1 , . . . , g |T | } gives the desired matching M 2 for Claim 3.
Let g 0 = ∅ and we find g 1 , . . . , g |T | in order. Suppose we have found g t for some t, with 0 ≤ t ≤ |T | − 1. We describe how to find g t+1 using f t+1 . Let f t+1 ⊆ W p ∪ W q , where p, q ∈ [k]. By (6) and (7),
where the inequality holds because of (7),
, and n ≥ 100k 2 . Moreover, |g j ∩ D| = 2 for j ∈ [|T |]. Hence, since |D| is even (by Claims 1 and
, it follows from (6) and (7) that, for i ∈ [k],
Claim 4. We may assume that k is odd. For, suppose k is even. We show that both H −C and H −D have perfect matchings; hence the assertion of the lemma holds. Below, we only show that H − C has a perfect matching, since the argument for H − D is the same (by substituting (6) for (7) and by exchanging the roles of C i and D i ).
Let M be a maximum matching in (5)), and because H[D − V (M )] has no edge, we have
contradicting the fact that v ∈ N . Now, suppose for a contradiction, that M is not a perfect matching in H − C . Then there exists
Let {e 1 , . . . , e k−1 } be an arbitrary (k − 1)-subset of M , and write
, with the addition in the subscripts modulo k (except we write k for 0). (5)), and k is assumed to be even, it follows that
This implies that there exists
Next claim guarantees a divisibility condition for |D |, which will be used in the proof of Claim 7.
Claim 5. There exists a matching M 3 in H such that
. We may assume that s = 0; for, otherwise, M 3 = ∅ gives the desired matching for Claim 5. Moreover, since k is odd (by Claim 4) and |D | = k|D 1 | is even, it follows that s is even.
We now construct M 3 , starting with the empty matching T 0 = ∅. Suppose for some j ∈ [s/2], we have constructed a matching
H ) (with addition in the subscripts modulo k except we use k for 0) and
We will show that H * has a perfect matching using edges of special types. For any e ∈ E(H * ), if e ⊆ C * then we say that e is of 0-type, and if |e ∩ C * | = |e ∩ C * j | = 1 for some j ∈ [k] then we say that e is of j-type. For convenience, let τ := 1/(9k).
(ii) each edge in M i is of i-type.
We construct M 0 , M 1 , . . . , M k in the order listed. Let T 0 be a matching in H * such that V (T 0 ) ⊆ C * and, subject to this, |T 0 | is maximum. Then C * − V (T 0 ) has no edge. We claim that |T 0 | ≥ τ n ; for, otherwise,
contradicting the fact that v ∈ N . Let M 0 be a set of any τ n edges in T 0 . Now suppose for some j ∈ [k], we have found matchings M 0 , M 1 , . . . , M j−1 in H * such that M i (for i = 0, . . . , j − 1) consists of τ n edges of i-type. Let T j be a matching in
such that each edge in T j is of j-type and, subject to this, |T j | is maximum. We claim that
where the second inequality holds because τ = 1/(9k), √ ε < 1/(100k 2 ), and n ≥ 100k 2 . . So let v be a vertex in (5)) and k is odd, 
We choose such M 0 , M 1 , . . . , M k that
. . = |M k | is maximum and, subject to this,
> n/10 (since √ ε < 1/(100k 2 ), τ = 1/(9k) and n ≥ 100k 2 ).
Thus there exists
Suppose for each j ∈ [k] there exist distinct e Thus we may assume without loss of generality that for any k − 1 distinct edges
where the addition in the subscripts is modulo k (except that we write k for 0). Then
. Since e k 1 , . . . , e k k−1 ∈ M k are chosen arbitrarily and k is odd (by Claim 5), we have
Therefore, we may assume that C * ⊆ V (M ), and let
. Let e 1 , . . . , e k−1 ∈ M 0 be distinct and chosen arbitrarily. Let Hence, f i ∈ E(H * ) for some i ∈ [k]. Since e 1 , . . . , e k−1 ∈ M 0 are chosen arbitrarily and k is odd, we have
Corollary 2.2 Let k ≥ 3 be a positive integer, and let ε > 0 be such that √ ε < min{1/(100k 2 ), 1/(k(10k 2 ) k−1 )}. Let H be a k-partite k-graph with n > 100k 2 vertices in each partition class, such that δ k−1 (H) ≥ n/2 and H is ε-close to H 0 (k, n). Then H has no perfect matching if, and only if, (i) k is odd, n ≡ 2 (mod 4), and H ∼ = H 0 (k, n), or (ii) n is odd and there exist
Proof. Let H be a k-partite k-graph with n vertices in each partition class, such that δ k−1 (H) ≥ n/2 and H is ε-close to H 0 (k, n).
Suppose (i) or (ii) holds. Then there exist integers H 0 (d 1 , . . . , d k ; k, n) , there exists D ⊆ V (H) such that |D| = k i=1 d i is odd and |e ∩ D| is even for all e ∈ E(H). Hence, H contains no perfect matching.
Next, suppose H has no perfect matching. Applying Lemma 2.1 with α = 1/8, we may assume that there exist
is even for all e ∈ E(H).
We claim that
. By symmetry, we only show
If n is odd then δ k−1 (H) ≥ n/2 = (n − 1)/2; so by the above claim, d i ∈ {(n − 1)/2, (n + 1)/2} for all i ∈ [k], and (ii) holds. Thus, we may assume that n is even. Then by the above claim,
Thus both n/2 and k are odd, and hence n ≡ 2 (mod 4). Since H ⊆ H 0 (d 1 , . . . , d k ; k, n) = H 0 (k, n), we have H = H 0 (k, n) and (i) holds.
Hypergraphs not close to H 0 (k, n)
In this section, we prove Theorem 1.2 for hypergraphs that are not close to H 0 (k, n), see Lemma 3.6. For this, we need a result on almost perfect matchings in k-partite k-graphs.
Kühn and Osthus [4] showed that if H is a k-partite k-graph with each partition classes of size n and δ k−1 (H) ≥ n/k, then H has a matching of size at least n − (k − 2). Rödl and Ruciński [8] asked the following question: Is it true that δ k−1 (H) ≥ n/k implies that H has a matching of size at least n − 1? The present authors [6] and, independently, Han, Zang, and Zhao [3] answered this question affirmatively for large n.
Lemma 3.1 Let k, n be positive integers with k ≥ 3 and n sufficiently large, and let H be a k-partite k-graph with n vertices in each partition class. If δ k−1 (H) ≥ n/k, then H has a matching of size at least n − 1.
Let k ≥ 2 be a positive integer and H be a k-partite k-graph with partition classes
Lemma 3.2 Let k ≥ 2 be a positive integer. For any ε > 0, there exists n 0 > 0 such that the following holds. Let H be a k-partite k-graph with partition classes V 1 , . . . , V k such that
Then one of the following conclusions holds:
Proof. Let H be a k-partite k-graph with partition classes
Suppose H is not ε-close to H 0 (k, n), and assume that neither (i) nor (ii) holds. Then there exist N 1 , . . . , N k with N i ⊆ V i and
and, for all j ∈ [k],
For, otherwise, we may assume without loss of generality that
Hence, by choosing n 0 large enough, we have for n ≥ n 0 ,
By symmetry, we only prove Claim 2 for the case when i = k. Note that
On the other hand, (11) and (12)
We apply induction on
by Claim 2 and (10). Now assume Claim 3 holds for
Therefore, by (10) and Claim 2, it follows from the induction hypothesis that if l + 1 is odd then l is even and e H (A 1 , . . . , A k ) = ((n/2) k + o(n k )) − o(n k ) = (n/2) k + o(n k ), and if l + 1 is even then l is odd and e H (A 1 , . . . ,
, let B i play the role of D i in the definition of H 0 (k, n). Then, for any ε > 0,
≤ εn k (since γ = 1/ log n and we may choose n 0 large enough).
However, this contradicts the assumption that H is not ε-close to H 0 (k, n).
Next, we define two "absorbing" matchings for a legal k-set S in a k-partite k-graph. This concept was first considered by Rödl, Ruciński, and Szemerédi [9] . Let k ≥ 3 be a positive integer and H be a k-partite k-graph.
Given a legal k-set S = {x 1 , . . . , x k } in a k-partite k-graph H, a k-matching {e 1 , . . . , e k } in H is said to be S-absorbing if there is a (k + 1)-matching {e 1 , . . . , e k , f } in H with f = {y 1 , . . . , y k } such that
• e i ∩ e j = ∅ for all i = j,
• e i − e i = {x i } and e i − e i = {y i } for i ∈ [k]. Figure 1 illustrates an {x 1 , x 2 , x 3 }-absorbing 3-matching {e 1 , e 2 , e 3 }.
Given a legal k-set S = {x 1 , . . . , x k } in a k-partite k-graph H, a (k + 1)-matching {e 0 , e 1 , . . . , e k } in H is said to be S-absorbing if there is a (k+2)-matching {e 1 , . . . , e k , f , f } in H, with e 1 ∩ f = f − e 0 = {y 1 }, e 0 − f = {y 0 }, and f := {y 0 , y 2 , . . . , y k }, such that
• e i ∩ e j = ∅ for all i = j, and • e i − e i = {x i } and e i − e i = {y i } for all i ∈ [k]. Figure 2 illustrates an {x 1 , x 2 , x 3 }-absorbing 4-matching {e 0 , e 1 , e 2 , e 3 }.
The next result says that no matter which conclusion of Lemma 3.2 holds, there are always many S-absorbing matchings in H for any given legal k-set S. 
(ii) If there exists j ∈ [k] such that |Λ j | ≥ n k−1 / log n, then the number of S-absorbing
Proof. To prove (i), we assume that, for all i ∈ [k] and N i ⊆ V i with |N i | ≥ (1/2 − 1/ log n)n, we have e H (N 1 , . . . , N k ) ≥ n k / log 3 n. Note that, for each i ∈ [k], x i is contained in (n − 1) k−2 legal (k − 1)-sets in H that are disjoint from S and one given partition class of H, and each such legal (k − 1)-set is contained in at least (1/2−1/ log n)n−1 edges in H −S (since δ k−1 (H) ≥ (1/2−1/ log n)n). Thus, there exists n 1 such that if n ≥ n 1 , there are at least n k−1 /3 legal (k − 1)-sets B i disjoint from S such that e i := {x i } ∪ B i ∈ E(H).
By a similar argument (and choosing n 1 large enough), there are at least ((n−k 
Hence, the number of S-absorbing k-matchings {e 1 , . . . , e k } is at least
as claimed in (i).
We now prove (ii). So assume without loss of generality that |Λ 1 | ≥ n k−1 / log n. As in the previous case, since δ k−1 (H) ≥ (1/2−1/ log n)n, there are at least ( 
For i = 2, . . . , k, we choose y i ∈ N H (B i ) − {x i } and let e i := B i ∪ {y i }. Note that we have (1/2 − 2/ log n)n − 1 = Ω(n) choices for each y i .
By assumption, there are at least N H ({y 2 , . . . , y k })| ≥ n/ log n. Consequently, there exist distinct y 0 and y 1 with
, and there are at least n/ log n − k(k + 1) − 1 choices for each of y 0 and y 1 .
Let e 0 := {y 0 } ∪ T , e 1 := {y 1 } ∪ B 1 , f := {y 1 } ∪ T and f := {y 0 , y 2 , y 3 , . . . , y k }. Then {e 0 , . . . , e k } is an S-absorbing (k + 1)-matching (using e i = B i ∪ {x i } for i ∈ [k]). Moreover, the number of choice for {e 0 , . . . , e k } is the product of the numbers of choices for B 1 , . . . , B k , y 2 , . . . , y k , T , y 0 , y 1 , which is at least
So we have (ii).
We will need to use Chernoff bounds, which can be found in [7] .
Lemma 3.4 Suppose X 1 , ..., X n are independent random variables taking values in {0, 1}. Let X denote their sum and µ = E[X] denote the expected value of X. Then for any 0 < δ ≤ 1,
and for any δ ≥ 1,
We now show that for each conclusion of Lemma 3.2, there exists a small matching M in H such that for each legal k-set S, there are at least k-pairwise disjoint S-absorbing matchings in H.
Lemma 3.5 Let k ≥ 3 be a positive integer. There exists n 2 > 0 such that the following holds. Let H be a k-partite k-graph with partition classes V 1 , . . . , V k such that |V i | = n > n 2 for i ∈ [k] and δ k−1 (H) ≥ (1/2 − 1/ log n)n.
(i) If for all i ∈ [k] and N i ⊆ V i with |N i | ≥ (1/2 − 1/ log n)n, we have e H (N 1 , . . . , N k ) ≥ n k / log 3 n, then there exists a matching M in H such that |M | = O(log 5 n) and for every legal k-set S ⊆ V (H), there are at least k pairwise disjoint S-absorbing k-matchings in M .
(ii) If there exists j ∈ [k] such that |Λ j | ≥ n k−1 / log n, then there exists a matching M in H such that |M | = O(log 5 n) and for every legal k-set S ⊆ V (H), there are at least k pairwise disjoint S-absorbing (k + 1)-matchings in M .
Proof. First, we prove (i). Suppose for all i ∈ [k] and N i ⊆ V i with |N i | ≥ (1/2−1/ log n)n, we have e H (N 1 , . . . , N k ) ≥ n k / log 3 n. So we can apply (i) of Lemma 3.3. For each legal k-set S ⊆ V (H), let Γ(S) be the set of (S 1 , . . . , S k ) with S i ⊆ V i and |S i | = k for i ∈ [k] such that H[∪ i∈ [k] S i ] has a perfect matching, say M (S 1 ,...,S k ) . Then by Thus, by Markov's inequality, with probability at least 1/2, for all distinct (S 1 , . . . , S k ) ∈ G and (T 1 , . . . , T k ) ∈ G,
Hence, with positive probability, G satisfies (16), (17), and (18). So we may assume that G satisfies (16), (17), and (18) Let M be the union of M (S 1 ,...,S k ) for all (S 1 , . . . , S k ) ∈ G. Now M gives the desired matching for (ii).
Corollary 3.6 Let k ≥ 3 be a positive integer. For any ε > 0, there exists n 3 > 0 such that the following holds. Let H be a k-partite k-graph with n > n 3 vertices in each partition class. Suppose δ k−1 (H) ≥ (1/2 − 1/ log n)n and H is not ε-close to H 0 (k, n). Then H has a perfect matching.
Proof. Choose n 3 large enough so that we can apply Lemmas 3.1, 3.2, and 3.5.
By Lemmas 3.2 and 3.5, H contains a matching M such that |M | ≤ β log 5 n for some constant β > 0 (dependent on k only) and, for every legal k-set S ⊆ V (H), there are at least k disjoint S-absorbing k-matchings in M , or for every legal k-set S ⊆ V (H), there are at least k disjoint S-absorbing (k + 1)-matchings in M .
For k ≥ 3, δ k−1 (H − V (M )) ≥ (1/2 − 1/ log n)n − β log 5 n > n/k, where the last inequality holds for n > n 3 by choosing n 3 large enough. Thus by Lemma 3.1, H −V (M ) contains a matching M of size at least n−|M |−1. Let S := H −V (M ∪M ). If S = ∅, then M ∪ M is a perfect matching in H. So assume that S = ∅; then S is a legal k-set. Hence H[S ∪ V (M )] has a perfect matching M . Now M ∪ M is a perfect matching in H. (d 1 , d 2 , . . . , d k ; k, n), there exists D ⊆ V (H) such that |D| = k i=1 d i is odd and |e ∩ D| is even for all e ∈ E(H). Hence, H contains no perfect matchings. Now assume that H has no perfect matching. Fix ε > 0 so that √ ε < min{1/(100k 2 ), 1/(k(10k 2 ) k−1 )}.
Conclusion
Then by Corollary 3.6, H must be ε-close to H 0 (k, n). Hence by Corollary 2.2, (i) or (ii) holds.
